Abstract. In this paper we prove that for any absolute continuous Borel probability measure µ on the sphere S 2 and any t ∈ [0,
The great circles 1 and 2 on the sphere S 2 are mutually orthogonal if the unit tangent vectors v 1 and v 2 to 1 and 2 at one of two antipodal intersection points are orthogonal, i.e., v 1 ⊥ v 2 .
In this paper we prove the following weaker version of the Bárány-Grünbaum conjecture on S 2 .
Theorem 1.3. Let µ be an absolutely continuous, Borel, probability measure on the sphere S 2 and t ∈ [0, 1 4 ]. There exist four great semi-circles 1 , . . . , 4 emanating from a point x ∈ S 2 that partition sphere S 2 into four angular sectors counter clockwise oriented:
having property that µ(σ 1 ) = µ(σ 4 ) = t, µ(σ 2 ) = µ(σ 3 ) = 1 4 − t and area(σ 1 ) = area(σ 4 ), area(σ 2 ) = area(σ 3 ).
The condition about the areas can be reformulated in terms of angles that determine angular sectors. Let us denote by
for each i ∈ {1, 2, 3, 4}. Therefore, condition on areas read off in terms of angles as α 1 = α 4 and α 2 = α 3 , which implies that 1 ∪ 3 is a great circle, or 1 = − 3 .
From geometric problem to an equivariant problem
The proof of Theorem 1.3 is obtained via the configuration test map method. In this section we relate the claim of the theorem with the non-existence of a Z/2-equivariant map from the Stiefel manifold V 2 (R 3 ) into the sphere S 1 . A 4-fan (x; 1 , . . . , 4 ) on the sphere S 2 consists of a point x ∈ S 2 on the sphere and four pairwise different great semi-circles 1 , . . . , 4 emanating from x oriented in the counter clockwise order. For a 4-fan (x; 1 , . . . , 4 ) we can also use notation ]. Consider the following configuration space determined by µ and give t:
Every point (x; v 1 , . . . , v 4 ) = (x; 1 , . . . , 4 ) in the space X µ,t is completely determined by the point x and the first tangent vector v 1 to 1 . After fixing (x, v 1 ) ∈ V 2 (R 3 ) the remaining tangent vectors v 2 , v 3 , v 4 can be obtain from the condition µ(σ 1 ) = µ(σ 4 ) = t, µ(σ 2 ) = µ(σ 3 ) = 1 4 − t. Thus, X µ,t ≈ V 2 (R 3 ). Moreover, the configuration space X µ,t has a natural free Z/2 = ε action given by ε · (x; 1 , 2 , 3 , 4 ) = (−x; 1 , 4 , 3 , 2 ) or ε · (x; σ 1 , σ 2 , σ 3 , σ 4 ) = (−x; σ 4 , σ 3 , σ 2 , σ 1 ).
Let us define a continuous map f µ,t : X → R 2 by (x; σ 1 , σ 2 , σ 3 , σ 4 ) −→ (area(σ 1 ) − area(σ 4 ), area(σ 2 ) − area(σ 3 )).
If we introduce the antipodal Z/2-action on R 2 it is not hard to see that the map τ is a Z/2-equivariant map. Indeed, the following diagram commutes
The main properties of this map, coming from its construction, are summarised in the following proposition.
Proposition 2.1. (i)
If for the given µ and t the claim of Theorem 1.3 holds, then 0 ∈ im f µ,t ⊂ R 2 .
(ii) If for the given t the claim of Theorem 1.3 does not hold, then there exists a measure µ such that 0 im f µ,t ⊂ R 2 . Consequently, the map f µ,t factors in the following way Thus, if we prove that there is no Z/2-equivariant map V 2 (R 3 ) → S 1 we have concluded the proof of Theorem 1.3.
Non existence of an equivaraint map
The non-existence of a Z/2-equivariant map V 2 (R 3 ) → S 1 will be proved via the Fadell-Husseini ideal valued index theory applied to the group Z/2 and integer coefficients. We make a quick review of basic properties of the Fadell-Husseini index theory. For further details consult the original paper of Fadell and Husseini [3] and for use of integer coefficients [2] .
Consider a finite group G. Let X be a G-space, R a commutative ring with unit and p X : X → pt the G-equivariant projection. The Fadell-Husseini index of the G-space X is the kernel ideal of the induced map p * X : H * G (pt; R) → H * G (X; R) in the equivariant cohomology, i.e., Index G (X; R) := ker p Let X and Y be G-spaces and f : X → Y a G-equivariant map. There are following commutative triangles of G-spaces and related cohomology groups:
